There is increasing interest in finding the relation between the sunspot number (SSN) and solar polar field. In general, fractal properties may be observed in the time series of the dynamics of complex systems, such as solar activity and climate. This study investigated the relations between the SSN and solar polar field by performing a multifractal analysis. To investigate the change in multifractality, we applied a wavelet transform to time series. When the SSN was maximum and minimum, the SSN showed monofractality or weak multifractality. The solar polar field showed weak multifractality when that was maximum and minimum. When the SSN became maximum, the fractality of the SSN changed from multifractality to monofractality. The multifractality of SSN became large before two years of SSN maximum, then that of the solar polar field became large and changed largely. It was found that the change in SSN triggered the change in the solar polar field. Hence, the SSN and solar polar field were closely correlated from the view point of fractals. When the maximum solar polar field before the maximum SSN was larger, the maximum SSN of the next cycle was larger. The formation of the magnetic field of the sunspots was correlated with the solar polar field.
Introduction
Various objects in nature exhibit the so-called self-similarity or fractal property.
Nature is full of fractals, for instance, trees, rivers, coastlines, mountains, clouds, Fractal properties can also be observed in a time series representing the dynamics of complex systems. A change in fractality can appear with a phase transition or change of state. As an example, the multifractal properties of daily rainfall were studied in an East Asian monsoon climate with extreme rainfall and in a temperate climate with moderate rainfall [1] . In both climates, the frontal rainfall and convective-type rainfall showed monofractality and multifractality, respectively. As another example, a healthy human heartbeat shows a multifractal character, while a diseased heart shows a monofractal character [2] .
The sunspot number (SSN) has an 11-year cycle and the solar magnetic field has a 22-year cycle, exactly twice that of the sunspot cycle, because the polarity of the field returns to its original value every two sunspot cycles. During the past ~120 years, Earth's surface temperature has been correlated with both the decadal averages and solar cycle minimum values of the geomagnetic aa index [3] .
The 11-year averages of the SSN and aa index have been highly correlated for the past 150 years [4] . The maxima of the aa index occurred near the maximum SSN and (or) later in the declining phase of the SSN [5] [6] . High correlation coefficients were found among the geomagnetic activity, sea level atmospheric pressure and surface air temperature [7] .
The aim of our work is to investigate the relations between the SSN and solar polar field from the view point of fractals. To examine the changes in multifractality, we performed a multifractal analysis on the SSN, and solar polar field by using the wavelet transform. The wavelet transform can perform reliable multifractal analysis [8] ; hence, we used the wavelet-based multifractal analysis to quantify the signals of higher complexity.
Data and Method of Analysis
We used several solar activity indices to see the solar activity in a multifaceted manner. We used the monthly SSN provided by Solar Influences Data Analysis Center (sidc.oma.be) and the solar polar field throughout the solar sunspot cycle provided by the Wilcox Solar Observatory (http://wso.stanford.edu/).
For the analysis, we used the Daubechies wavelet, which is widely used in solving a broad range of problems, e.g., self-similarity properties of a signal or fractal problems and signal discontinuities. We used a discrete signal which was fitted the Daubechies mother wavelet with the capacity of accurate inverse transformation. Thus, we can precisely calculate the following optimum τ(q), which can be regarded as a characteristic function of the fractal behavior. We can define the τ(q) from the power-law behavior of the partition function, as shown in Equation (2) . We then calculated the scaling of the partition function Z q (a), which is defined as the sum of the q-th powers of the modulus of the wavelet transform coefficients at scale a, where q is the q-th moment. In our calculation, the wavelet-transform coefficients did not become zero. Thus, for an F. Maruyama accurate calculation, the summation was considered for the whole set. Muzy et al. [8] defined Z q (a) as the sum of the q-th powers of the local maxima of the modulus to avoid dividing by zero. We obtained the following partition function Z q (a): [ ] ( ) ( )
where ( ) f t is data and ϕ is wavelet function. For small scales, we expect
First, we investigated the changes in Z q (a) in the time series at a different scale a for each moment q. We plotted the logarithm of Z q (a) against that of time scale a. Here τ(q) is the slope of the fitted straight line for each q. Next, we plotted τ(q) versus q, which is the multifractal spectrum. The time window was advanced by one year, which was repeated. Monofractal and multifractal signals were defined as follows: A monofractal signal corresponds to a straight line for τ(q), while a multifractal signal τ(q) is nonlinear [9] . We calculated the R 2 value, which is the coefficient of determination, for the fitted straight line. If R 2 ≥ 0.98, the time series is monofractal; if 0.98 > R 2 , it is multifractal. A time window was fixed to 6 years for the following reasons. We calculated the wavelets with time windows of 10, 6, and 4 years. Initially, when a time window was 10 years, a fractality changed slowly. By integrating the wavelet coefficient in a wide range, small changes were canceled. Thus, this case was inappropriate to find a fast change of climatic regime shift. Next, when the time window was 4 years, the fractality changed quickly. The overlap of the first and following data was 3 years, which was shorter than the 9 years when the time window was 10 years, and the change of fractality was large. Thus, this case was also inappropriate. Finally, when the time window was 6 years, a moderate change in fractality was observed. Hence, the time window was fixed to 6 years.
We calculated the multifractal spectrum τ(q) of the SSN between 1910 and 2010. The multifractal spectrum τ(q) between 1967 and 1979 is shown in Figure   1 . The data were analyzed in 6-year sets; as an example, the multifractal spectrum τ(q) of s67 was calculated between 1967 and 1972. To study the change in fractality, the time window was advanced by one year and the multifractal spectrum τ(q) was obtained from s67 to s76. A monofractal signal corresponds to a straight line for τ(q), whereas for a multifractal signal, τ(q) is nonlinear. In Figure 1 , the constantly changing curvature of the τ(q) curves for s67, s68, and s72 -s74 suggests multifractality. In contrast, τ(q) is linear for s69 -s71, which indicates monofractality. 
Results
We investigated the change in the SSN. To detect the changes in multifractality, of the SSN became minimum two years before the maximum SSN as shown by 2 in Figure 2 , when the change in the SSN was the largest as shown in Figure 2 .
About three years before the minimum SSN, the τ(−6) of the SSN became maximum as shown by 4 in Figure 2 and the multifractality was the weakest. Before the maximum SSN, the multifractality of the SSN became the strongest and at the maximum SSN they became the weakest, which indicated a change from multifractality to monofractality. The solar polar field is shown in Figure 3 . The changes in the solar polar field were large two years before the maximum SSN of the solar cycles 22, 23, and 24
as shown by the arrow in Figure 3 , which was determined from the slope of the change in the graph in Figure 3 . The solar polar field became maximum and after a while the SSN became minimum.
Next, we show the τ(−6) of the solar polar field and the solar polar field in 
Discussion
When the SSN and solar polar field were maximum and minimum, the τ(−6) of the SSN and solar polar field strength became maximum. The fractal dimensions decrease with increasing mean magnetic field, implying that the magnetic field distribution is more regular in active regions [10] . When the solar polar field was large, the multifractality was weak, which coincides with the result of Ioshpa et al. [10] . The peaks of τ(−6) for the SSN are classified into four peaks, the maximum peaks at the maximum SSN, the minimum SSN, and the maximum peak at three years before the minimum SSN and the minimum peak at two years before the maximum SSN. The τ(−6) of the SSN became minimum two years before the maximum SSN of solar cycles 22, 23, and 24. The multifractality of the SSN became strong two years before the maximum SSN, when the changes in the SSN were large. When the SSN became maximum, the fractality of the SSN changed from multifractality to monofractality. In our previous paper [11] , in terms of the multifractal analysis, we conclude that a climatic regime shift corresponds to a change from multifractality to monofractality of the Pacific Decadal Oscillation (PDO) index.
When the change in the solar polar field was small, the multifractality was weak. The solar polar field showed weak multifractality when the solar polar field was maximum and minimum. We compared the τ(−6) of SSN with the solar polar field. In Figure 3 , the solar polar field became maximum, and then the SSN became minimum. The solar polar field is the strongest during an interval of about three years before the sunspot minimum [12] . From the fractal property, The solar polar field makes the magnetic field of the sunspots when the solar cycle is the minimum [13] . In this study, we compared the maximum SSN with the maximum solar polar field before the maximum SSN. When the maximum solar polar field before the maximum SSN was larger, the maximum SSN of the next cycle was larger. Hence, the formation of the magnetic field of the sunspots was correlated with the solar polar field.
Conclusions
In this study, we investigated the relation between the SSN and the solar polar field by performing a multifractal analysis. To detect the changes in multifractality, we performed a multifractal analysis on the SSN, and the solar polar field using the wavelet transform.
1) When the SSN was maximum and minimum, the SSN showed monofractality or weak multifractality. The solar polar field showed weak multifractality Journal of Applied Mathematics and Physics when that was maximum and minimum.
2) When the SSN became maximum, the fractality of the SSN changed from multifractality to monofractality.
3) The multifractality of SSN became large before two years of SSN maximum, then that of the solar polar field became large and changed largely. It was found that the change in SSN triggered the change in the solar polar field.
Hence, the SSN and solar polar field were closely correlated from the view point of fractals.
4) When the maximum solar polar field before the maximum SSN was larger, the maximum SSN of the next cycle was larger. The formation of the magnetic field of the sunspots was correlated with the solar polar field.
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